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•^ ' Abstract. We construct a canonical isomorphism between the Bethe algebra acting on a 

^^1 multiplicity space of a tensor product of evaluation g[jY[i]-modules and the scheme-theoretic 

intersection of suitable Schubert varieties. Moreover, we prove that the multiplicity space 

as a module over the Bethe algebra is isomorphic to the coregular representation of the 

2 ' scheme-theoretic intersection. 

In particular, this result implies the simplicity of the spectrum of the Bethe algebra 
for real values of evaluation parameters and the transversality of the intersection of the 
corresponding Schubert varieties. 

> 

l> 

Tjj- ■ It is known for a long time that the intersection index of the Schubert varieties in the 

Grassmannian of the iV-dimensional planes coincides with the dimension of the space of 
invariant vectors in a suitable tensor product of finite-dimensional irreducible representations 
of the general linear group gt^. 

There is a natural commutative algebra acting on such a space of invariant vectors, which 
we call the Bethe algebra. The Bethe algebra is the central object of study in the quan- 
r> I tum Gaudin model, see [G]. In this paper, we construct an algebra isomorphism between 

c^ ■ the Bethe algebra and the scheme-theoretic intersection of the Schubert varieties. We also 

show that the representation of the Bethe algebra on the space of the invariant vectors is 
naturally isomorphic to the coregular representation of the scheme-theoretic intersection of 
the Schubert varieties (in fact, the regular and coregular representations of that algebra 
are isomorphic). Thus we explain and generalize the above mentioned coincidence of the 
numbers. 

The existence of such a strong connection between seemingly unrelated subjects: Schubert 
calculus and integrable systems, turns out to be very advantageous for both. 

On the side of Schubert calculus, using a weaker form of the relation we succeeded to prove 
the B. and M.Shapiro conjecture in |MTV2j . An alternative proof is given in the present 
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paper. Moreover, we are now able to deduce that the Schubert varieties corresponding to 
real data intersect transversally, see Corollary I6.3[ The transversality of the intersection was 
a long standing conjecture, see [EH] . [S]. 

The transversality property can be reformulated as the following statement: the number 
of monodromy free monic Fuchsian differential operators of order N with k + 1 singular 
points, all of them lying on a line or a circle, and prescribed exponents at the singular points 
equals the multiplicity of the trivial gtjy-Kiodule in the tensor product of fc + 1 irreducible 
[^-modules with highest weights determined by the exponents at the critical points. 

On the side of the integrable systems, we obtain a lot of new information about the Bethe 
algebra, see Theorem 16. II In particular, we are able to show that all eigenspaces of the Bethe 
algebra are one-dimensional for all values of parameters. Since it is known that the Bethe 
algebra is diagonalizable for real data, our result implies that the spectrum of the Bethe 
algebra is simple in this case and hence it is simple generically. We also show that the Bethe 
algebra is a maximal commutative subalgebra in the algebra of linear operators. 

In addition, an immediate corollary of our result is a bijective correspondence between 
eigenvalues of the Bethe algebra and monic differential operators whose kernels consist of 
polynomials only, see Theorem 16. ![ parts (v), (vi). The obtained correspondence between the 
spectrum of the Bethe algebra and the differential operators is in the spirit of the geometric 
Langlands correspondence, see [F]. 

We obtained similar results for the Lie algebra gl2 ^^^ ^^^ Grassmannian of two-dimen- 
sional planes in [MTV3J . The crucial difference between |MTV3j and the present paper is 
that we are able to avoid using the so-called weight function. The weight function in the 
case of gl2 can be handled with the help of the functional Bethe ansatz. In the case of gl^, 
N > 2, the weight function is a much more complicated object and the functional Bethe 
ansatz is not yet sufficiently developed. We hope that the results of this paper can be used 
to regularize the weight function. 

In the present paper we use the following approach. Let V = C^ be the vector represen- 
tation of Qljy. We consider the 0l^[t]-module V'^ = (V®"- (g) C[zi, . . . , Zn])^ which is a cychc 
submodule of the tensor product of evaluation modules with formal evaluation parameters. 
We show that the Bethe algebra Bx acting on the subspace (V^)^*"^ of singular vectors of 
weight A is a free polynomial algebra, see Theorem 15.31 and its representation on (V^)^*"^ 
is isomorphic to the regular representation, see Theorem 15.61 To get this result we exploit 
three observations: a natural identification of the algebra Bx with the algebra of functions 
on a suitable Schubert cell, the completeness of the Bethe Ansatz for the tensor product 
of the vector representations at generic evaluation points, and the equality of the graded 
characters of the Bethe algebra Bx and of the space (V"^)^*"^. 

At the second step we specialize the evaluation parameters, and consider a quotient of the 
0l^[t]-module V'^ which is isomorphic to the Weyl module. We take the corresponding quo- 
tient of the algebra of functions on the Schubert cell and obtain an isomorphism between the 
scheme-theoretic fiber of the Wronski map and the Bethe algebra Bx,a acting on the subspace 
of singular vectors of weight A in the Weyl module. We also show that this representation 
of the algebra Bx.a is isomorphic to the regular representation, see Theorem 15. 8[ In fact, the 
algebra Bx,a is Frobenius, so its regular and coregular representations are isomorphic. 
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Finally, we impose more constraints to descend to the scheme-theoretic intersection of the 
Schubert varieties on one side and to the Bethe algebra Bx,\b acting on a tensor product of 
evaluation modules with highest weights A*-^-*, . . . , A*- •* and evaluation parameters bi, . . . ,bk 
on the other side, see Theorem 15. 131 

The paper is organized as follows. In Section [21 we discuss representations of the current 
algebra 0t^[t] and introduce the Bethe algebra S as a subalgebra of f/(0[^[t]). In Section [3l 
we study the algebra of functions of a Schubert cell and the associated Wronski map. The 
scheme-theoretic intersection of Schubert cells is considered in Section |H The central result 
there is Proposition 14.61 which describes this algebra by generators and relations. We prove 
the main results of the paper. Theorems 15.31 15.61 15.81 and 15.131 in Section O Section E] 
describes applications. 

Acknowledgments. We are grateful to P. Belkale, L. Borisov, V. Chari, P. Etingof, B. Fei- 
gin, A. Kirillov, M. Nazarov and F. Sottile for valuable discussions. 

E. Mukhin is supported in part by NSF grant DMS-0601005. V. Tarasov is supported in 
part by RFFI grant 05-01-00922. A.Varchenko is supported in part by NSF grant DMS- 
0555327. 

2. REPRESENTATIONS OF CURRENT ALGEBRA Qliylt] 

2.1. Lie algebra gl^. Let e^j, i,j = l,...,N,he the standard generators of the complex Lie 
algebra gt^ satisfying the relations [cjj, Cgk] = ^js^ik — ^ik^sj- We identify the Lie algebra sl^ 
with the subalgebra in q{^ generated by the elements eu—Cjj and Cjj for i j^ j, i,j = 1, . . . ,N. 

The subalgebra ^n C gl^ generated by the element ^j^j^ en is central. The Lie algebra 
qIj^ is canonically isomorphic to the direct sum sIn Q) ^n- 

Given an A x A matrix A with possibly noncommuting entries aij, we define its row 
determinant to be 

(2.1) rdet A = ^ {-ly 01^(1)02^(2) • • • aNa{N) ■ 

Let Z{x) be the following polynomial in variable x with coefficients in U{gij^): 

(2.2) Z{x) = rdet 



fx-eii -621 ••• -em \ 

-ei2 x + l-e22 ••• -em 



\-eiN -e2N ■■■ X + A - 1 - eNN/ 

The following statement is proved in [HUj . see also Section 2.11 in |MNUj . 

Theorem 2.1. The coefficients of the polynomial Z{x) — x^ are free generators of the center 
of t/(0U). D 

Let M be a gl^v-module. A vector v E M has weight A = (Ai, . . . , Xn) € C^ if env = XiV 
for z = 1, . . . , A. A vector v is called singular if eijV = for 1 ^ i < j ^ N. If f is a singular 
of weight A, then clearly 



(2.3) Z{x) V = Yl{x-\i + i-l 



N 

1=1 
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We denote by {M)x the subspace of M of weight A, by M**"^ the subspace of M of all 
singular vectors and by (M)^*"^ the subspace of M of all singular vectors of weight A. 

Denote by Lx the irreducible finite-dimensional gtjy-Kiodule with highest weight A. Any 
finite-dimensional gt^-module M is isomorphic to the direct sum ^^Lx ^ {My^^^ , where 
the spaces (M)^*"^ are considered as trivial [^-modules. 

The 0[^-module i^(i,o,...,o) is the standard iV-dimensional vector representation of gt^. We 
denote it by y. We choose a highest weight vector in V and denote it by f+. 

A g[jv-niodule M is called polynomial if it is isomorphic to a sub module of V"*^" for some 
n. 

A sequence of integers A = (Ai, . . . , \n) such that Ai ^ A2 ^ ■ • • ^ Aat ^ is called a 
partition with N parts. Set |A| = J2i=i ^i- Then it is said that A is a partition of |A|. 

The 0[^-module K®" contains the module Lx if and only if A is a partition of n with at 
most N parts. 

For a Lie algebra g , we denote by f/(g) the universal enveloping algebra of g. 

2.2. Current algebra g[Ar[t]. Let gl^lt] = g[^ ® C[t] be the complex Lie algebra of gt^- 
valued polynomials with the pointwise commutator. We call it the current algebra. We 
identify the Lie algebra g[^ with the subalgebra g[^ ® 1 of constant polynomials in gt^[t]. 
Hence, any gl^[t]-module has the canonical structure of a gl^y-module. 

The standard generators of gli^[t] are Cij f, i,j = l,...,N,rE Z^o- They satisfy the 
relations [cij ® f", Cgk ® t^] = SjsCik ® t^^^ — SikCgj ® t^^^. 

The subalgebra 3iv[t] C QlN[t] generated by the elements J2i=i ^a ®t^\ t" ^ ^^o? is central. 
The Lie algebra gtjv[t] is canonically isomorphic to the direct sum sliy[t] ©3Ar[t]. 

It is convenient to collect elements of glAr[t] in generating series of a formal variable u. For 
g e sy, set 



00 



g{u) = }_^{g0t^)u-'-\ 

s=0 

We have {u - v)[eij{u), Cskiv)] = Sjs{eik{u) - eik{v)) - 5ik{esj{u) - Csjiv)). 

For each a G C, there exists an automorphism pa of glAr[t], Pa '■ g{u) t— > g{u — a). Given a 
gl^[t]-module M, we denote by M{a) the pull-back of M through the automorphism pa. As 
gl^-modules, M and M{a) are isomorphic by the identity map. 

For any g[^[t] -modules L, M and any a G C, the identity map {L®M){a) -^ L{a) ®M{a) 
is an isomorphism of g[jv[^]-Kiodules. 

We have the evaluation homomorphism, ev : gljvM ~^ Q^n^ ^^ '■ fi'(^) ^~^ 9^^^. Its restric- 
tion to the subalgebra g[^ C gt^[t] is the identity map. For any gl^-module M, we denote 
by the same letter the gljvM -module, obtained by pulling M back through the evaluation 
homomorphism. For each a G C, the g[^[t]-module M{a) is called an evaluation module. 

libi, . . . ,bn are distinct complex numbers and Li, . . . , L„ are irreducible finite-dimensional 
g[^-modules, then the g[^[t]-module ®"=ii^s(6s) is irreducible. 

We have a natural Z^Q-gi'acling on gl^[t] such that for any g G gt^y, the degree of (7 ® f" 
equals r. We set the degree of m to be 1. Then the series g{u) is homogeneous of degree —1. 

A gl^[t]-module is called graded if it has a Z^g-gr^'ding compatible with the grading of 
g[^[t]. Any irreducible graded g[^[t]-module is isomorphic to an evaluation module L(0) for 
some irreducible gt^y-module L, see |CG] . 
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Let M be a Z^Q-graded space with finite-dimensional homogeneous components. Let 
Mj C M be the homogeneous component of degree j. We call the formal power series in 
variable q, 

oo 

ch(M) = J^(dimMj)g^ 

j=0 

the graded character of M. 

2.3. Weyl modules. Let Wm be the g[^[t]-module generated by a vector Vm with the 
defining relations: 



(iii[u)Vm = dii—v^, 

u 


2 = 1,. ..,iV, 


eij{u)v^ = 0, 


l^Kj^N, 


e,,®ir^"+V=0, 


l^i<j^N. 



As an 5 [Ar[t] -module, the module Wm is isomorphic to the Weyl module from [CLj . [CPj . 
corresponding to the weight muJi, where Ui is the first fundamental weight of stjv. Note that 
Wi = V{0). 

Lemma 2.2. The module Wm has the following properties. 

(i) The module Wm has a unique grading such that Wm is a graded gl]^[t]-module and 

such that the degree of Vm equals 0. 
(ii) As a glj^ -module, Wm is isomorphic to V^"^. 
(iii) A gl^[t]-module M is an irreducible subquotient of Wm if and only if M has the 

form L\{{)), where X is a partition of m with at most N parts. 
(iv) For any partition \ of m with at most N parts, the graded character of the space 

{Wm)x^^ Z5 given by 



^N 



cHiWmYr) = '^"^''^^^<^'^ ; q^^^^-'^'^ 



where {q)a = U.%ii^ - Q^) ■ 

Proof. The first two properties are proved in [CPj . The third property follows from the first 
two. The last property is well-known, see for example the relation between the character 
ch(^(Wn)x"^^) and the Kostka polynomials in |CH Corollary 1.5.2], and use the formula for 
the corresponding Kostka polynomial in [Ml Example 2, p. 243]. D 



For each 6 G C, the 0[^[t]-module Wm{b) is cyclic with a cyclic vector Vm- 

Lemma 2.3. The module Wm{b) has the following properties. 

(i) As a Qij^-module, Wmip) is isomorphic to V^"^. 
(ii) A Ql]^[t]-module M is an irreducible subquotient of Wm{b) if and only if M has the 

form Lx{b), where X is a partition of m with at most N parts. 
(iii) For any natural numbers ni,...,nk and distinct complex numbers bi,...,bk, the 
Ql]sf[t]-module ^'^=iWn^{bs) is cyclic with a cyclic vector ®J=ifn^. 
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(iv) Let M be a cyclic finite- dimensional Q[jq\t]-module with a cyclic vector v satisfying 
eij{u)v = Oforl^i<j^N, andeii{u)v = Su{Yl^s=i^s{u-bsy^)vfori = 1,...,N. 
Then there exists a surjective homomorphism of gij^[t]-modules from (8>J=iW^ns(^s) to 
M sending C^g^i^n^ to v. 

Proof. The first two properties follow from Lemma [2.21 parts (ii) and (iii). The other two 
properties are proved in [CPj . D 

Given sequences n = {rii, . . . ,nk) of natural numbers and b = (61,..., 6^) of distinct 
complex numbers, we call the 0l^[t]-module <S)'^=iWn^{bs) the Weyl module associated with 
n and b. 

Corollary 2.4. A glj^[t] -module M is an irreducible subquotient of ®'l=iWnX^s) if and only 
if M has the form i^'^^-^L^(s){bs), where X^^', . . . , A*- ' are partitions with at most N parts 
such that \\^^'\ = Us, s = 1, . . . ,k. 

Proof. The statement follows from part (ii) of Lemma 12^31 irreducibility of ^'^^iL^^s) (bg) and 
the Jordan-Holder theorem. D 

Consider the Z^o-grading of the vector space Wm, introduced in Lemma [2^21 Let W^ be 
the homogeneous component of Wm of degree j and W^ = (Br^jW^- Since the gt^vM -module 
Wm is graded and Wm = Wm{b) as vector spaces, Wm{b) = W^ D W^ D . . . is a descending 
filtration of g[;v[t]-submodules. This filtration induces the structure of the associated graded 
0[^[t]-module on the vector space Wm which we denote by grWmib). 

Lemma 2.5. The Ql]\j[t]-module gr Wm{b) is isomorphic to the evaluation module (V"®™')(6). 

D 

The space <S)^=iWn^ has a Z>Q-grading, induced by the gradings on the factors and the 

associated descending Z>Q-filtration by the subspaces ®^^]^iy^j. This filtration is compatible 

with the 0[^[t]-action on the module ®^^'i^Wn^{bs). We denote by g^{®'^=iWnXbs)) the 

induced structure of the associated graded 0[^[t]-module on the space ®f^=iW„s- 

Lemma 2.6. The Qlj^[t]-modules gi [i^'^^iWnXbs)) and (8>s=i gr W^ns(^s) are canonically iso- 
morphic, n 

2.4. Representations of symmetric group. Let Sn be the group of permutations of n 
elements. We denote by C[Sn] the regular representation of Sn- Given an S'„-module M we 
denote by M^ the subspace of all S'„-invariant vectors in M. 

We need the following simple fact. 

Lemma 2.7. Let U be a finite- dimensional Sn-module. Then dim(f/ ® C[S'„])"^ = dimf/. 

D 

The group Sn acts on the algebra C[zi, . . . ,Zn] by permuting the variables. Let crs(z), 
s = 1, . . . , n, be the s-th elementary symmetric polynomial in zi, . . . ,Zn- The algebra of 
symmetric polynomials C[zi, . . . , Zn]^ is a free polynomial algebra with generators cilz), . . . , 
o"„(z). It is well-known that the algebra C[zi, . . . ,Zn\ is a free C[zi, . . . , 2;„] '^-module of rank 
n!, see [M]. 

Given a = (ai, . . . , a^) G C", denote by /„ C C[zi, . . . , Zn] the ideal generated by the 
polynomials o's{z) — a^, s = 1, . . . , n. Clearly, /„ is 5'„- invariant. 
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Lemma 2.8. For any a G C", the Sn-representation C[zi, . . . ,Zn]/Ia is isomorphic to the 
regular representation C[5'„]. 

Proof. Since C[zi, . . . ,Zn] is a free C [2:1, ... , 2;^] '^-module of rank n\, the dimension of the 
quotient C[zi, . . . , Zn]/Ia is n\ for all a G C". If the polynomial m" + ^s=i(—l )'*«««""'* has 
no multiple roots, the lemma is obvious. For other a, the lemma follows by the continuity 
of characters. D 

2.5. 0[jy[t] -module V"^. Let V be the space of polynomials in zi, . . . , Zn with coefficients in 

V= y^"®cC[zi,...,zJ. 

The space V^^ is embedded in V as the subspace of constant polynomials. 

Abusing notation, for v G \^®" and p{zi, . . . , z„) G C[zi, . . . ,Zn], we write p{zi, . . . , Zn) v 
instead of f ® p{zi, . . . , z„). 

We make the symmetric group Sn act on V by permuting the factors of V"®" and the 
variables zi, . . . ,Zn simultaneously, 

a{p{Zi,...,Zn)vi (g) •■■(g)f„) = p{z„(^i), . . . , Za{n)) Va-^1)® " " " ® t^a-i(n) , (T E Sn ■ 

We denote by V'^ the subspace of S'„-invariants in V. 
Lemma 2.9. The space V^ is a free C[zi, . . . , Zn]^ -module of rank N"'. 
Proof. The lemma follows from the fact that C[zi, . . . , z„] is a free C[zi, . . . , 2;„] "^-module. D 
We consider the space V as a gl;v[t] -module with the series g{u), g & qIn, acting by 

n 
(2.4) g[u) [pyZx, ...,Zn)Vi®---®Vn) = p{Zi, ...,Zn) > ^ . 

Lemma 2.10. The image of the subalgebra f/(3Ar[t]) C f^(0l^Ar[i]) in End(V) coincides with 
the algebra of operators of multiplication by elements of C[zi, . . . , Zn]^ ■ 

Proof. The element ^j^^ cu^t^ acts on V as the operator of multiplication by Ylli=i ^s- The 
lemma follows. D 

The g[^[t]-action on V commutes with the S^-action. Hence, V"^ is a g[jv[^]-submodule of 
V. 

The following lemma is contained in [K]. For convenience we supply a proof. 



Lemma 2.11. The gij^[t]-module V'^ is cyclic with a cyclic vector 



(S)n 



^+ 



Proof. Let Vi = v+ and f j = ejiv+ for j = 2, . . . , A^. Then vi, V2, . . . ,vn is a basis of V. 
Given integers ii ^ ■ ■ ■ ^ in ^ and ji, . . . , jn G {1, . . . , N}, denote 

v{ij) = J2 ^(^1' • • • <" ^ii ® • • ■ ® ^jJ ■ 

creSn 

The space V'^ is spanned by the elements v{i, j) with all possible i, j. So to prove the lemma, 
it is sufficient to show that every element v{i,j) belongs to U{Qlj^[t]) vf^. We prove it by 
induction on the number r{i,j) of indices s such that is > and js = 1. 



8 E. MUKHIN, V. TARASOV, AND A. VARCHENKO 

If rii,j) = 0, then vii,j) = {Us,j.^i e.a ® t^') ^T- 
If r{i,j) > 0, then the difference 

v{i,3) - ( n ^11 ® ^'0 ( n ^^-^1 ® ^'^)K' 

is a linear combination of the elements v{i',j') with r{i',j') < r{i,j) and belongs to 
f^(0^ivM) ^1" by the induction hypothesis. Therefore, v{i,j) G U{glj^[t]) w|". D 

Define the grading on C[zi, . . . ,Zn] by setting degZj = 1 for alH = 1, . . . , n. We define a 
grading on V by setting deg(u ® p) = degp for any v G V®"" and any p G C[zi, . . . , z^]. The 
grading on V induces a natural grading on End(V). 

Lemma 2.12. The gij^ltj-modules V and V^ are graded. 

Proof. The lemma follows from formula (12.41) . D 

2.6. Weyl modules as quotients of V'^. Let a = (ai,...,a„) G C" be a sequence of 
complex numbers and Jq, C C[2;i, . . . , z„] the ideal, defined in Section [231 Define 

(2.5) /^ = /aV^ = V^n(^''"®/a). 

Clearly, I^ is a 0[^[t] -sub module of V'^. 

Define distinct complex numbers bi, . . . ,bk and natural numbers ni, . . . , n^ by the relation 

k n 

(2.6) n (" ~ ^^)"' = "" + 5Z(~^)^^j'""~^- 

Clearly, Yl'l=i ^s = n. 

Lemma 2.13. The Qlj^[t]-module V'^//^ is isomorphic to the Weyl module ^'^=iWn^{bs) . 



Proof. Let f^" be the image of the vector vf^ in the quotient space V"^//^. Then by 



Lemma [2.111 the quotient space V^/I^ is a cyclic g[^[t]-module with a cyclic vector u_^_ , 



k 



^-^ u-b, ^ 



s=l 



By part (iv) of Lemma [2.31 there exists a surjective homomorphism 

(2.7) ®s=iH^n.(M-V^/C 

In addition, 

dim(V^//^) = dim(V//^)^ = dim(\/^" ® C[^i, . . . , ^n]//.)^ 

= dimV^®" = dim(®tiW^n.(fes)) , 

where we used Lemmas 12. 81 and 12. 7l for the next to the last equality. Therefore, the surjective 
homomorphism (12. 7p is an isomorphism. D 
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2.7. Bethe algebra. Let d be the operator of formal differentiation in variable u. Define 
the universal differential operator P^ by 

/(9-eii(n) -e2i{u) ... -eNi{u) \ 
2)^=rdet "^i^H d - e22{u) ... -eN2{,u) 

\-eiN{u) -e2N{u) ... d-eNN{u)J 

It is a differential operator in variable m, whose coefficients are formal power series in u~^ 
with coefficients in [/(^[^[t]), 

N 

(2.8) V^= d"" + ^Bi{u)d''-\ 



where 



j=i 



^ijU 



(2.9) B,{u) = Y,B^, 

and -Bij G [/(gljyM)' ^ = 1, ■ • ■ , A^, j G Z>o • Clearly, Bij = for j < i. 



N 

euiu) 



Lemma 2.14. We have 

(2.10) B,{u) = ~Y. 
and 

N N-i-1 

(2.11) 5^S,, Yli(^-J) = Zia-N + 1), 

where a is a formal variable, Bqq = 1, and Z{x) is given by formula (12.21) . 

Proof. The lemma is proved by a straightforward calculation. D 

Lemma 2.15. For anyi,j, the element Bij G f/(g[^[t]) is a homogeneous element of degree 
j — i. The series Bi{u) is a homogeneous series of degree —i. 

Proof. We declare the degree of 9 to be —1. Then V^ is homogeneous of degree —N. The 
lemma follows. D 

We call the unital subalgebra of U{Qlj^[t]) generated by Bij, i = 1, . . . ,N, j E Z^j, the 
Bethe algebra and denote it by B. 

The next statement is established in [T]. A polished proof can be found in |MTVlj . 

Theorem 2.16. The algebra B is commutative. The algebra B commutes with the subalgebra 

U{Ql^)cU{gl^[t]). D 

As a subalgebra of f/(gl^[t]), the algebra B acts on any g[^[t] -module M. If K C M is 
a i3-invariant subspace, then we call the image of B in End(i^) the Bethe algebra associated 
with K. Since B commutes with f/(g[^), it preserves the subspace of singular vectors M'^*"^ 
as well as weight subspaces of M. Therefore, the subspace {My^^ is i3-invariant for any 
weight A. 



Mx = 


{v')r , 




Mx,a -- 


= (®tlW^n. 


xbswr. 


MA,\,b 


= (®Li^A(4&s))r 
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Let A be a partition with at most N parts. Let ra = | A| and (ai, . . . , a„) G C". Define inte- 
gers A;, ni, . . . , nfc and distinct complex numbers 61, . . . , 6a; by (12. 6p . Let A = (A^^% . . . , A^'^^) 
be a sequence of partitions witli at most A^ parts sucli tliat |As| = n^. 

In wfiat follows we study the action of the Bethe algebra B on the following i3-modules: 



(2.12) 



The B-modules A^A,a and A^a,a,5 are defined by formula (I2.12p up to isomorphism. 

We denote the Bethe algebras associated with J^x, J^x,a, -A^a,a,5 by Bx, Bx,ai ^K,x,bi 
respectively. 

3. Functions on Schubert cell and Wronski map 

3.1. Functions on Schubert cell Vt^Jy^co)- Let N,d E Z>o, N ^ d. Let Cd[u] be the 
space of polynomials in u of degree less than d. We have dimCrf[u] = d. Let Gr(A^, d) be 
the Grassmannian of all A^-dimensional subspaces in C[d]. The Grassmannian Gr(A^, d) is a 
smooth projective variety of dimension N{d — N). 

For a complete flag JF = {0 C Fi C F2 C ■ ■ ■ C F^ = Cd[u]} and a partition A = 
(Ai, . . . , Atv) such that Xi ^ d — N, the Schubert cell ^x{^) C Gr(A^, d) is given by 

fiA(-F) = {Xe Gt{N, d) I dim(X n F,_,-A,) = iV - J , dim(X n Frf-,-A,-i) =N-j-l]. 

We have codim VLx{^) = 1-^1- 

The Schubert cell decomposition associated to a complete flag JF, see for example |GHj . 
is given by 

Gi{N,d)= \_\ nxiJ"). 

X,Xi<id-N 

Given a partition A = (Ai, . . . , X^) such that Xi ^ d — N, introduce a set 

P = {di, d2,..., dNJ , di = Xi + N -i, 
and a new partition 

(3.1) X = {d-N-XN,d-N- Ajv-i, . . . , ci - A^ - Ai) . 

Then di> d2> ■ ■ ■ > djq and 

N 



|A| = N{d -N)-\\\ = ^di- N{N - l)/2 . 



i=l 



Let jF(c)o) be the complete flag given by 

J^(oo) = {0 C Ci[u] C C2M C • • ■ C Cd[u]} . 
We denote the Schubert cell flx{^{oo)) by f2x(oo). We have dimr2x(oo) = |A|. 
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The Schubert cell r2^(oo) C Gr(A^, d) consists of A^-dimensional subspaces X C Cdlu] 
which have a basis {/i(m), . . . , /Af(u)} of the form 



di-j 



(3.2) f,(u)=u''^+ Yl /^^-^ 

For a given subspace X G r2^(oo), such a basis is unique. 

Let 0\ be the algebra of regular functions on f2x(c>o)- The cell fix(oo) is an afiine space of 
dimension |A| with coordinate functions fij. Therefore, the algebra Ox is a free polynomial 
algebra in variables fij, 



(3.3) 



Ox = C[/, 



I] ) 



N, J 



l,...,di, di~j ^P\ 



We often regard the polynomials fi{u), i = 1, . . . ,N, as generating functions for the genera- 
tors fij of Ox- 
Recall that the degree of u is one. Define a grading on the algebra Ox by setting the 
degree of the generator fij to be j. Then the generating function fi{u) is homogeneous of 
degree di. 

Lemma 3.1. The graded character of Ox is given by the formula 

ni<.<,<iv (1 - ^'^-'0 



cHOx) 



nf=i(?). 



3.2. Another realization of Ox- For gi,...,gN G C[u], denote by WT{gi{u) 
the Wronskian, 



n 

,9n{u)) 



Wr{gi{u),...,gNiu)) = det 



' 9iiu) g[{u) 
92{u) g'2{u) 



9r'\u)\ 
9r'\u) 



\9n{u) g'^{u) ... ^5f ^\u)J 



Let fi{u), i = 1, . . . ,N, he the generating functions given by fl3.2p . We have 



(3.4) 



n 

WT{f\{u),...,fM{u)) = n id,-d.) {u'^ + Y.i-^y^^ 



u 



l^i<j<^N 



where Ei, . . . , En are elements of Ox- Define the differential operator V^ by 

ff^iu) f[{u) ... f[''\u)\ 
f,{u) f^{u) ... f!i'\u) 



(3.5) 



P^ 



1 



Wr(/i(n),...,/^(«)) 



rdet 



V 1 



d 



9^ / 



It is a differential operator in variable m, whose coefficients are rational functions with coef- 
ficients in Ox, 

N 

(3.6) V'^= d'' + Y^ Fiiu) d""-' . 



1=1 
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The top coefficient of the Wronskian Wr(/i(u), . . . , fN^u)) is a constant. Therefore, we can 
write 



(3.7) F,{u) = Y,F^3 



u 



-3 



where Fij G Ox, i = 1, . . . ,N, j E Z>o • Clearly, Fij = for j < i. 

Lemma 3.2. For any i,j, the element Fij G Ox is a homogeneous element of degree j — i. 
The series Fi{u) is a homogeneous series of degree —i. 

Proof. Recall that d has degree —1. So, the operator "D^ is homogeneous of degree — A^. 
The lemma follows. D 

Define the indicial polynomial of the operator V^ at infinity by 
(3.8) X(a) = $^^n n ("-•^■)' 

j=0 j=0 

where Fqq = 1. 

Lemma 3.3. We have JL 

X{a) = [[{a-di). 

i=l 

Proof. The coefficient of m*~^ of the series P^/j(u) equals x{di)- O^^ the other hand, we 
have that V^fiiu) = 0, and therefore, x{di) = for alH = 1, . . . , A^. Since degx = N, the 
lemma follows. D 

Lemma 3.4. The functions F^j G Ox, i = 1, . . . ,N, j = i + l,i + 2, . . . , generate the algebra 
Ox. 

Proof. The coefficient of u'^i~^~^ of the series V^fi{u) has the form 

X{di - j) fij + ■■■ , 

where the dots denote the terms which contain the elements F^i and fis with s < j only. 
Since V^fi{u) = and x{di — j) ^ 0, see (13. 3p . we can express recursively the elements fij 
via the elements F^^i starting with j = 1 and then increasing the second index j. D 

3.3. Probenius algebras. In this section, we recall some simple facts from commutative 
algebra. We use the word algebra for an associative unital algebra over C. 

Let A be a commutative algebra. The algebra A considered as an A-module is called the 
regular representation of A. The dual space A* is naturally an A-module, which is called 
the coregular representation. 

Clearly, the image of A in End (A) for the regular representation is a maximal commutative 
subalgebra. If A is finite-dimensional, then the image of A in End(A*) for the coregular 
representation is a maximal commutative subalgebra as well. 

If M is an A-module and f G M is an eigenvector of the A-action on M with eigenvalue 
^y E A*, that is, av = ^i,(a)w for any a E A, then ^^ is a character of A, that is, ^t,(a6) = 
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If an element v & A* is an eigenvector of the coregular action of A, then v is proportional 
to the character C,v Moreover, each character ^ G A* is an eigenvector of the coregular action 
of A and the corresponding eigenvalue equals ^. 

A nonzero element ^ G A* is proportional to a character if and only if ker^ C A is an 
ideal. Clearly, A/kerC, — C. On the other hand, if m C A is an ideal such that A/xn ~ C, 
then m is a maximal proper ideal and m = ker(^ for some character (. 

A commutative algebra A is called local if it has a unique ideal m such that A/xn ~ C. In 
other words, a commutative algebra A is local if it has a unique character. Any proper ideal 
of the local finite-dimensional algebra A is contained in the ideal m. 

It is known that any finite-dimensional commutative algebra A is isomorphic to a direct 
sum of local algebras, and the local summands are in bijection with characters of A. 

Let A be a commutative algebra. A bilinear form {,) : A ^ A ^ C is called invariant if 
{ab, c) = (a, be) for all a,b,c E A. 

A finite-dimensional commutative algebra A which admits an invariant nondegenerate 
symmetric bilinear form ( , ) : A® A —>■ C is called a Frobenius algebra. It is easy to see that 
distinct local summands of a Frobenius algebra are orthogonal. 

The following properties of Frobenius algebras will be useful. 

Lemma 3.5. A finite direet sum of Frobenius algebras is a Frobenius algebra. 

Proof. Fix invariant nondegenerate symmetric bilinear forms on the summands and define 
a bilinear form on the direct sum to be the direct sum of the forms of the summands. The 
obtained form is clearly nondegenerate, symmetric and invariant. D 

Let A be a Frobenius algebra. Let / C A be a subspace. Denote by I^ (Z A the orthogonal 
complement to /. Then dim J -|- dim J-*- = dim A, and the subspace I is an ideal if and only 
if /^ is an ideal. 

Let Aq be a local Frobenius algebra with maximal ideal m C Aq. Then m-*" is a one-dimen- 
sional ideal. Let m^ G m-*" be an element such that {l,m-^) = 1. 

Lemma 3.6. Any nonzero ideal I G Aq contains m-*". 

Proof. Let I G Aq he a. nonzero ideal. Then J^ is also an ideal and /^ ^ Aq. Therefore, 
/-^ C m and m-^ C /. D 

For a subset I G A define its annihilator as Ann I = {a E A, \ al = 0} . The annihilator 
Ann/ is an ideal. 

Lemma 3.7. Let A be a Frobenius algebra and I G A an ideal. Then Ann/ = /^. In 
particular, dim / + dim Ann / = dim A . 

Proof. Since every ideal in a finite-dimensional commutative algebra is a direct sum of ideals 
in its local summands, it is sufficient to prove the lemma for the case of a local Frobenius 
algebra. 

Let A be local. If a G / and b G Ann/, then (a, b) = [ab, 1) = 0. Therefore, Ann/ C /"*". 

If 6 G /"*", then bl G /"*" is an ideal. If bl ^ 0, then it contains m^, see Lemma [3. 6^ and 
there exists aEl such that ab = m^. Hence, = (a, 6) = {l,ab) = {l,m^) = 1, which is a 
contradiction. Therefore, bl = and /^ C Ann /. D 

For any ideal I G A, the regular action of A on itself induces an action of A/ 1 on Ann /. 
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Lemma 3.8. The A/ 1 -module Ann/ is isomorphic to the coregular representation of A/I . 
In particular, the image of A/ 1 in End(Ann/) is a maximal commutative subalgebra. 

Proof. The form ( , ) gives a natural isomorphism of the ideal Ann / and the dual space 
{A/iy, which identifies the action of A/ 1 on Ann/ with the coregular action of A/ 1 on 

{A/iy. D 

Let Pi, ... , Pm be polynomials in variables Xi, . . . , Xm- Denote by / the ideal in C[a;i, . . . ,x„ 
generated by Pi, ... , Pm- 

Lemma 3.9. // the algebra C[xi, . . . ,Xm]/I is nonzero and finite- dimensional, then it is a 
Frobenius algebra. 

Proof. For P, G G C[xi, . . . , Xm], define the residue form 

Res(P,G) ' fFGdx,A...Adxr. 



{2m)^JrU7=iPs{xu...,xJ ' 

where T = {(xi, . . . , Xm) \ \Ps{xi, . . . , Xm) | = e} is the real m-cycle oriented by the condition 

daYgPi{xi,...,Xm) A ■■■ AdaigPm{xi,...,Xm) ^ 

and e is a small positive real number. The residue form Res descends to a nondegenerate 
bilinear form on C[xi, . . . , Xm]/I, see |GH] . D 

The last lemma has the following generalization. Let Ct{xi, . . . ,Xm) be the algebra of 
rational functions in xi, . . . ,Xm, regular at points of a nonempty set T C C™. Denote by It 
the ideal in Ct{xi, . . . , Xm) generated by Pi, ... , Pm- 

Lemma 3.10. If the algebra Ct{xi, . . . ,Xm)/lT is nonzero and finite- dimensional, then it 
is a Frobenius algebra. D 

3.4. Wronski map. Let X be a point of Gr(A^, d). The Wronskian of a basis of the subspace 
X does not depend on the choice of the basis up to multiplication by a nonzero number. We 
call the monic polynomial representing the Wronskian the Wronskian of X and denote it by 
Wrx(M). 

Fix a partition A and denote n = \\\. The partition A is given by (13. ip . If X G i7^(oo), 
then degWTx{u) = n. 

Define the Wronski map 

by sending X G ^xi^ to a = (ai, . . . , a„), if Wixiu) = u" + ^"=i(— l)''cts^i"~''• 
For a G C", let /^„ be the ideal in Ox generated by the elements Eg — Og, s = 1, . . . , n, 
where Ui, . . . , Sn are defined by (13.41) . Let 

(3.9) Ox,a = Ox/lZa 

be the quotient algebra. The algebra Ox a is the scheme-theoretic fiber of the Wronski map. 
We call it the algebra of functions on the preimage Wr^^{a). 
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Lemma 3.11. The algebra Ox a is a finite- dimensional Frobenius algebra and dime Ox a 
does not depend on a. 

Proof. It is easy to show that the set Wr^^ (a) is finite. This imphes that Ox, a is finite- 
dimensional and the fact that Ox, a is a direct sum of local algebras, see for example |HPj . 
The dimension of Ox,a is the degree of the Wronski map and the local summands correspond 
to the points of the set Wr^^(a). 

The algebra Ox,a is Frobenius by Lemma [3.91 D 

Remark. Let Of C Ox be the subalgebra generated by Ei, . . . , En- Since these elements 
are homogeneous, the subalgebra Of is graded. Using the grading and Lemmas I3.1H 12.21 it 
is easy to see that Ox is a free Of -module of rank dim(V^'^"')^*"^. 

4. Functions on intersection of Schubert cells 
4.1. Functions on ^A.A.b- Fo^^ & G C, consider the complete fiag 

J^ib) = {0 C (n - b)''-^Ci[u] c (m - by-^C2[u] c ■ • • C Cd[u]} . 

We denote the Schubert cell i7^(jF(6)) corresponding to the fiag J-'{b) and a partition /x with 
at most A^ parts by ^fj,{b). 

Let A = {X^'^\ . . . , X^^') be a sequence of partitions with at most N parts such that 
'^g^i \X^^'\ = n. Denote rig = \X.^'^'\. Let b = (bi, . . . ,bk) be a sequence of distinct complex 
numbers. 

Denote by Qj^ x b ^^e intersection of the Schubert cells: 

k 

(4.1) ^A,x,b = ^aM n n^A(4&.), 

s=l 

where the cell flx{oo) is defined in Section [XT! Recall that a subspace X C Cd[u] is a point 
of f2)^(oo) if and only if for every i = 1, . . . ,N, it contains a monic polynomial of degree 
di. Similarly, the subspace X is a point of Q^(s){bs) if and only if for every i = 1, . . . ,N, it 

(s) 

contains a polynomial with a root at bs of order XI + N — i. 

Given an A^- dimensional space of polynomials X C C[u], denote by Vx the monic scalar 
differential operator of order A^ with kernel X. The operator T>x is a Fuchsian differential 
operator. If X G ^^^(cxd), then Vx equals the operator V'^, see (13. 5p . computed at X. 

Lemma 4.1. A subspace X C Cd[u] is a point of Qj,^ xt if '^^^ o'^^?/ if the singular points of 
the operator Vx are at bi, . . . ,bk and oo only, the exponents at bs, s = 1, . . . ,k, being equal 
to AJ^ , X^_i + 1, . . . , A^"* + A^ — 1, and the exponents at oo being equal to 1 — N — Xi, 2 — 
N-X2,...,-Xn. □ 

Lemma 4.2. Let a = [oi, . . . , a„), b = {bi, . . . , b^), and ni, . . . , n^ be related as in (12.61) . 
Then i7^ xb '^ ^^x^i^)- ^'^ particular, the set Vtj^ xb i^ finite. D 

Let Qx be the field of fractions of Ox, and Qj^,x,b C Qx the subring of elements regular 
at all points of il^ x b- 



u=bs 
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Consider the N x N matrices Mi, . . . , M^ with entries in Ox, 

The values of Mi, . . . , M^ at any point of Vt^ ^ j, are matrices invertible over C Therefore, 
the inverse matrices M^^ , . . . , M^^ exist as matrices with entries in QA,A,b- 

Introduce the elements gijs G QA,\,b , i = I, ■ ■ ■ ,N, j = 0, . . . ,di, s = 1, . . . ,k,hj the rule 

di N 

(4.2) ^ (?,,, (n - b,y = J2 iM;%m frn{u) • 

Clearly, g .{s) = 6ij for alH, j = 1, . . . , A^, and s = 1, . . . , k. 

For each s = 1, . . . , A;, let J^'^ j, be the ideal in Qa,a,6 generated by the elements gijs, 
i = l,...,N, j = 0, 1, . . . , Af ^ + A^ - i - 1, and J^^^^b = Yl^s=i >^a,a,6- Note that the number 
of generators of the ideal J^xb equals n. 

The quotient algebra 
(4-3) Oa,a,6 = QA,x,b/J2,x,b 

is the scheme-theoretic intersection of the Schubert cells. We call it the algebra of functions 

on ^A,A,b- 

Lemma 4.3. The algebra OAx.b is a Frobenius algebra. 

Proof. The lemma follows from Lemma 13. 9[ D 

It is known from Schubert calculus that 

(4.4) dimOA,A,b = dim(®ti^A(=))r', 
for example, see [Fuj . 

4.2. Algebra Oa,a,6 as quotient of Ox- Consider the differential operator 

//i(n) f[{u) ... f[''\u)\ 

(4.5) P^ = Wr(/i,...,/jv)P$'= rdet 



f,{u) f^{u) ... f!i'\u) 



V 1 d ... a^ / 

It is a differential operator in variable u whose coefficients are polynomials in u with coeffi- 
cients in Ox, 

N 

N-i 



(4.6) V^^ = Y,G.{u)d 



j=0 



Clearly, if n — i < 0, then Gi{u) = 0, otherwise degGj = n — i and 

G,{u) = WT{f,{u),...,fN{u))Fi{u), 
where i = 0, . . . ,N, and Fo(u) = 1. 
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Introduce the elements Gijs G Ox , z = 0, . . . , A^, j = 0, 1, . . . , n — i, s = 1, . . . , /c, by the 
rule 



^sY 



(4.7) Gi{u) = Y, Gijs (u - bs 

j=0 

We set Gijs = Oiij <0 or j>n — i. 

Define the indicia! polynomial xfl*^) o,t ^s by the formula 

N N-i-1 

xf(«) = 'YGi^ns-i,s n ("-^')- 

i=0 j=0 

It is a polynomial of degree A^ in variable a with coefficients in Ox. 

Lemma 4.4. For a complex number r, the element x?{^) ^-^ invertible in QA,\,b provided 
r ^ aJ'^ + N-J for all j = 1, . . . , N. 

Proof. An element of Qa,a,6 is invertible if and only if its value at any point of ^a a b is 
nonzero. Now the claim follows from Lemmas 14.11 and l4.2[ D 

For each s = 1, . . . , fc, let /^'^ j, be the ideal in QA,x,b generated by the elements Gijs, 
i = 0, . . . ,N, j = 0,1, ... ,ns — i — I, and the coefficients of the polynomials 

k N 

(4.8) x?(«) - l[{bs-brrl[{a-^!i'^-N + l), s = l,...,k. 

r=l 1=1 



,A,6- 



jjenote ij^x,b — Z^s=i -'a,> 

Lemma 4.5. For any s = 1, . . . ,k, the ideals /^'^ j, and J^'^ j, coincide. 

Proof. Consider the differential operator V^, given by fl4.5j) . We have 

N n-i 

(4.9) P^ = 5^ 5^ G,,, (« - y ^- 9^-\ 



i=0 j=0 

see dMD, (I13D, and 

(4.10) P^ = detM,-rdet ^2s(^) ^L(«) ••• ^2f(w) 

V 1 d ... a^ / 

where (y'is(w) = XljLo 9ijs{u — bgY , see fl3.5j) . (14. 2p . Formulae fl4.9j) and (14.1 01) imply that 

tQ,s ^ jQ,s 

^A,\,b ^ •^A,X,b- ^ 

To get the opposite inclusion, jf'^,, C /f;^_5, write V^gisiu) = YJjZq lijsiu - bsY . 
Then 

di Af 7V-/--1 

(4.11) qi^n,-N+r,s = YY gijsGl^ns+r-j-l,s JJ (j " "^) , 

j=0 i=0 m=0 
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where it is assumed that the elements gijs and Gi^n^+r-j-i,s equal zero if their subscripts are 
out of range of definition. Observe that the terms with j = r in the right-hand side of (14.111) 
sum up to x?(^) 9irs, and the terms with j > r belong to the ideal J^'^ ,,. 

We have V^gisiu) = 0, so that qi^ns-N+r,s = 0. Using Lemma 14.41 and taking into 
account that g^^(s) j^_i^ ^ = ior I > r, we can show recursively that the elements girs with 

r < A,- + N — i belong to I^'^ j, , starting with r = and then increasing the second index 
r. Therefore, jf '^ j, C jf'^ j,. D 

Let I^^ ^ be the ideal in Ox generated by the elements Gijs, i = 0, . . . ,N, s = 1, . . . ,k, 
j = 0,1, ... ,ns — i — 1, and the coefficients of polynomials (14. 8p . 

Proposition 4.6. The algebra (9a,a,5 is isomorphic to the quotient algebra C^aZ-^aa^- 

Proof. By Lemma 1^31 the ideals I^^ ^ and J^^ ^ coincide, so the algebra O^xb is isomor- 
phic to the quotient algebra Qx,x,b/ I\x t- -^y Lemma WA] the algebraic set defined by the 
ideal I^xb equals fi^ ^^ j, . The set f2^ xb^^ finite by Lemma 14. 2[ Therefore, the quotient 
algebras QA,\,b/lA,x,b ^^^ ^a/-^a,a,6 ^^^ isomorphic. D 

4.3. Algebra CA,A,b as quotient of Ox,a- Recall that Ox,a = C>x/Ix a is the algebra of 
functions on Wr^^^a), see (13. 9p . For an element F G Ox, we denote by F the projection of 
F to the quotient algebra Ox,a- 

Lemma 4.7. The elements Gijs, i = 1, . . . ,N, s = 1, . . . ,k, j = 0,1, ... ,ns — i — 1, are 
nilpotent. 

Proof. The values of these elements on every element X E Wr~^(a) are clearly zero. The 
lemma follows. D 

Define the indicial polynomial xfi^t) ^^ ^s by the formula 

N N-i~l 

xf(a) = ^Gi^n^.i^s n (^-i)- 

i=0 3=0 

Let /a A b be the ideal in Ox^a generated by the elements Gijs, i = 1, . . . ,N , s = 1, . . . ,k, 
j = 0,1, ... ,ns — i — 1, and the coefficients of the polynomials 

k N 

Xf(«) - l[{bs-brrl[{a-X\'^-N + l), s = l,...,k. 

r=l 1=1 

Proposition 4.8. The algebra Oa,a,5 is isomorphic to the quotient algebra Ox,a/I\xb- 

Proof. The elements Gqjs, j = 0, . . . ,ns — 1, s = 1, . . . ,k, generate the ideal I^ ^ in Ox- 
Moreover, the projection of the ideal /a a 5 "^ ^a to Ox,a equals I^xb- Hence, the propo- 
sition follows from Proposition 14. 6[ D 
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Example. Let N = 2, n = 3, d > A, X = (2, 1), a = (0,0,0). Then k = 1, b = (6i) with 
bi = 0, and rii = 3, and we have 



h{u) = u' + h^u^ + /i3 , f2{u) = U + f: 



21 



Wr(/i(M), /2(m)) = -2u' - (/ii + 3/21)^2 - 2fuf2iu + /i3 , 

Ox,a = C[/n,/l3,/2l]/((/ll + 3/21), 2/11/21, /13), 

so the algebra Ox^a equals CI + C/n with /fi = 0. 

If A = (A^^-*) with A^^-* = (2, 1), then the ideal I^xb i^ generated by the element /n and 

dimOx,JlZx,, = ^- 

If A = (A'^-*) with A*-^-* = (3, 0), then the ideal /^ a 6 i^ generated by the elements 3 and 

/ii, and diraOx,a/lA,\,b = 0- 

Recall that the ideal Ann(7^;5^ (,) C Ox,a is naturally an OA,A,6-niodule. 

Corollary 4.9. The O \^x,b-i^odule Ann(/^_j^ j,) is isomorphic to the coregular representation 
of OA^x,b on the dual space (Ca,a,5)*- 

Proof. The statement follows from Lemmas 14.31 and 13.81 D 

5. Three isomorphisms 

5.1. Case of generic a. Fix natural numbers n and d '^ N, and a partition A = (Ai, . . . , Xn) 
such that |A| = n and Xi ^ d — N. Define the partition A by formula (13. ip . 

Recall that given an iV-dimensional space of polynomials X C C[u], we denote by Vx the 
monic scalar differential operator of order A^ with kernel X. 

Let M be a g[;v[t]-module M and v an eigenvector of the Bethe algebra B C U{Qlj\i[t]) 
acting on M. Then for any coefficient Bi{u) of the universal differential operator X>^ we 
have Bi{u)v = hi{u)v, where hi{u) is a scalar series. We call the scalar differential operator 

N 

(5.1) Pf = 9^+^/i,(u)9^-* 



1=1 



the differential operator associated with v. 

Lemma 5.1. There exist a Zariski open Sn-invariant subset O 0/ C" and a Zariski open 
subset "^ of VL^{oo) with the following properties. 

(i) For any (61, . . . , 6„) G 0, all numbers 61, . . . , 6„ are distinct, and there exists a basis of 
®'^^iV{bs))y^ such that every basis vector v is an eigenvector of the Bethe algebra 
and T>^ = T>x for some X G H. Moreover, different basis vectors correspond to 
different points of S. 
(ii) For any X G H , if bi, . . . ,bn are all roots of the Wronskian Wtx, then (61, . . . , 6„) G 
0, and there exists a unique up to proportionality vector v G ((8>"^iV(6s)) , such 
that V is an eigenvector of the Bethe algebra and T>^ = T>x- 
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Proof. The basis in part (i) is constructed by the Bethe ansatz method, see |MV2j . The 
equahty V^ = Vx is proved in [MTVlj . The existence of an eigenvector v in part (ii) for 
generic X C i^^, is proved in |MV1] . D 

For generic a = (ai, . . . , a„), the roots (61, ... , fe„) of the polynomial ^"=0 ^^•'^^ form a 
point in 0. Therefore, Lemma [5.11 in particular, asserts that for generic values of a G C", 
the algebras Bx,a and Ox a are both isomorphic to the direct sum of dim(l^®")^*"^ copies of 
C. 

The following corollary recovers a well-known fact. 

Corollary 5.2. The degree of the Wronski map equals dim(V^®")^*"'^. D 

5.2. Isomorphism of algebras Ox and Bx- In this section we show that the Bethe algebra 
Bx, associated with the space J^x = (V"^)^*"^, see f l2.12p . is isomorphic to the algebra Ox 
of regular functions of the Schubert cell r2;^(cxD), and that under this isomorphism the Bx- 
module Aix is isomorphic to the regular representation of Oa- 
Consider the map 

Tx-.Ox^Bx, F,j ^ B,, , 

where the elements Fij G Ox are defined by (13. 7p and B^ G Bx are the images of the elements 
B,j G B, defined by ( iJoj) . 

Theorem 5.3. The map tx is a well-defined isomorphism of graded algebras. 

Proof. Let a polynomial R{Fij) in generators Fij be equal to zero in Ox- Let us prove that the 
corresponding polynomial R{Bij) is equal to zero in the Bx- Indeed, R{Bij) is a polynomial 
in zi,...,z„ with values in End((V"®")^*"^). Let O be the set, introduced in Lemma |5.H 
and (61, . . . , hn) G 0. Then by part (i) of Lemma [5. ![ the value of the polynomial R{Bij) at 
zi = bi, . . . , Zn = bn equals zero. Hence, the polynomial R{Bij) equals zero identically and 
the map tx is well-defined. 

By Lemmas 13.21 and 12.151 the elements Fij and Bij are of the same degree. Therefore, the 
map Tx is graded. 

Let a polynomial R{Fij) in generators Fij be a nonzero element of Ox- Then the value of 
R{Fij) at a generic point X G r2)^(oo) is not equal to zero. Then by part (ii) of Lemma EH 
the polynomial R{Bij) is not identically equal to zero. Therefore, the map tx is injective. 

Since the elements I3ij generate the algebra Bx , the map tx is surjective. D 

The algebra C[zi, . . . ,Zn]^ is embedded into the algebra Bx as the subalgebra of opera- 
tors of multiplication by symmetric polynomials, see Lemmas 12.101 and formula (12. lip . The 
algebra C[zi, . . . , Zn]^ is embedded into the algebra Ox, the elementary symmetric polyno- 
mials cri{z), . . . , (7n{z) being mapped to the elements Si, ... , Sn, defined by (13. 4p . These 
embeddings give the algebras Bx and Ox the structure of C[zi, . . . , z„] "^-modules. 

Lemma 5.4. We have Tx{Si) = crj(2) for all i = 1, . . . ,n. In particular, the map tx : 
Ox -^ Bx is an isomorphism of C[zi, . . . , Zn]^ -modules. 

Proof. The lemma follows from the fact that 

Wr'(/i(M),...,/;v(u)) 



(5.2) Fi(n) 



Wr(/i («),..., /;v(u)) 
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where ' denotes the derivative with respect to u, and formula (I2.10p . D 

Given a vector v & Aix, consider a hnear map 

fi,:Ox^Mx, F^TxiF)v. 

Lemma 5.5. If v E Aix is nonzero, then the map fi^ is injective. 

Proof. The algebra Ox is a free polynomial algebra containing the subalgebra C[zi, . . . , Zn]^ ■ 
By Lemma [3.111 the quotient algebra (9a/C[-2i, • • • , Zn]^ is finite-dimensional. The kernel of 
fiy is an ideal in Bx which has zero intersection with C[zi, . . . , Zn]^ and, therefore, is the zero 
ideal. D 

By Lemmas 12.91 and 12.121 the space A^a is a free graded C [2:1, ..., 2;„] "^-module. By 
Lemma r2.13[ the generators of this module can be identified with a basis in {Wn)x"^- There- 
fore, the graded character oi A4x is given by the formula 



(5.3) ch(A^; 



{q)r 



This equality and part (iv) of Lemma 12.21 imply that the degree of any vector in A4x is 
at least J2i=ii'^ ~ ^)^i ^^^ the homogeneous component of A^a of degree ^j=i(^ — l)Aj is 
one-dimensional. 

Fix a nonzero vector v G A^a of degree J2i=ii'^ ~ ^)K- Denote the map fiy by /iA- 

Theorem 5.6. The map fix '■ Bx ^ M.x "is an isomorphism of degree X]j=i(^ ~ ^)\ of 
graded vector spaces. For any F,G E Ox, we have 

(5.4) fxxiFG) = Tx{F)iix{G). 

In other words, the maps tx and nx give an isomorphism of the regular representation of 
Ox and the Bx-module A4x- 

Proof. The map fix is injective by Lemma [531 The map fix shifts the degree by X]i=i(^~l)'^«- 
Lemma [3.11 formula (15.31) . and part (iv) of Lemma [2.21 imply that ch.(^fix{Ox)) = ch(7MA)- 
Hence, the map fix is surjective. Formula (15. 4p follows from Theorem 15.31 D 

5.3. Isomorphism of algebras Ox,a and Bx,a- Let a = (ai,...,a7v) be a sequence of 
complex numbers. Let distinct complex numbers bi, . . . ,bk and integers ui, . . . ,nk be given 
bydMD. 

In this section we show that the Bethe algebra Bx,a , associated with the space A^A,a = 
{®'^=iWn^{bs))x"^^ , see (12.121) . is isomorphic to the algebra Ox,a of functions on the preimage 
Wi^^{a). We also show that under this isomorphism the i3A,a-niodule A^A.a is isomorphic 
to the regular representation of Ox,a- 

Let I^^ C Bx be the ideal generated by the elements ai{z) — ai, i = 1, . . . ,n. Consider 
the subspace /^„ = Ix,a-^>^ = ^a ^ -^a^ where /^ is given by f[231) . Recall the ideal Jf^ 
defined in Section [331 

Lemma 5.7. We have 

o \ _ tB ../tO\_tM n. - n. itB ka. _ \a_ i tM 



rxil^J = Ila , I^xilxJ = I^a , I3x,a = Bx/ ll^ , Mx,a = Mx/I. 



X,a ■ 
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Proof. The lemma follows from Theorems I5.3[ 15.61 and Lemmas 15.41 12.131 D 

By Lemma 15.71 the maps t\ and fi\ induce the maps 

(5.5) Tx,a ■■ Ox,a ^ Bx,a , /UA,a : Ox,a "* Mx,a ■ 

Theorem 5.8. The map Tx,a is an isomorphism of algebras. The map ^x,a ^-5 Q;n isomor- 
phism of vector spaces. For any F,G E Ox,a, we have 

hix,a{FG) = TxAF')fixAG)- 

In other words, the maps rx.a o-nd fix,a give an isomorphism of the regular representation 
of Ox,a o-nd the Bx,a-'fnodule Aix,a- 

Proof. The theorem follows from Theorems 15.31 15.61 and Lemma 15.71 D 

Remark. By Lemma [3.111 the algebra Ox,a is Frobenius. Therefore, its regular and coreg- 
ular representations are isomorphic. 

5.4. Isomorphism of algebras (9a,a,& ^^^ BA,\,b- Let A = {X^^\ . . . , A*^''^) be a sequence 
of partitions with at most A^ parts such that \\ \ = n^ for all s = 1, . . . ,k. 

In this section we show that the Bethe algebra B\x,b, associated with the space A^A,A,b = 
{<^'^^iL^(s){bs))x^^, see (I2.12p . is isomorphic to the algebra Oa,a,6, and that under this iso- 
morphism the BA,x,b-^'^odu[e AiA,x,b is isomorphic to the coregular representation of the 
algebra C>a,a,6- 

We begin with a simple observation. Let A be an associative unital algebra, and let L, M 
be A-modules such that L is isomorphic to a subquotient of M. Denote by A^ and Am the 
images of A in End(L) and End(M), respectively, and hj til : A ^ Al, tim '■ A -^ Am the 
corresponding epimorphisms. Then, there exists a unique epimorphism timl '■ ^m -^ ^l 

such that 11 L = TlML ° TTm- 

Applying this observation to the Bethe algebra B and S-modules A^a, A4x,a, A^a,a,6, 
we get a chain of epimorphisms B ^ Bx ^ Bx,a ^ B\x,b ■ In particular, smaller spaces are 
naturally modules over Bethe algebras associated to bigger spaces. 

Let Ci{u), i = 1, . . . ,N, he the Laurent series in u~^ obtained by projecting each coeffi- 
cient of the series Bi{u) 11^=1 ("" ~ ^s) to Bx- 

Lemma 5.9. The series Ci{u), i = 1, . . . ,N, i ^ n, are polynomials in u of degree n — i. 

For i = n + l,n + 2, . . . ,N , the series Ci{u) is zero. 

Proof. Lemma [5.91 follows from Theorem 2.1 in |MTV3j . Alternatively, Lemma [5.91 follows 
from the formula Ci{u) = Tx{Gi{u)). D 

Let Ci{u), i = 1, . . . ,N, he the polynomial obtained by projecting each coefficient of the 
polynomial Ci{u) to Bx,a- 

Introduce the elements Cijs G Bx,a for i = 1, . . . ,N, j = 0,1, . . . ,n — i, s = 1, . . . ,k, by 
the rule 



n—t 



3=0 
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In addition, let Cqjs , j = 0, . . . , n, s = 1, . . . , /c, be the numbers such that 



n 



j=0 r=l 

Lemma 5.10. The elements Cijs, i = I, . . . ,N, s = 1, . . . ,k, j = 0,1, ... ,ns — i — 1, are 
nilpotent. 

Proof. We clearly have Tx^aGijs = Cijs- Lemma [5.101 follows from Lemma W77\ D 

Define the indicial polynomial xf (c^) o,^ ^s by the formula 

N N-i-1 

xf (a) = Yi ^i'^s-i,s n '^^ ~ ^) • 

i=0 jr=0 

It is a polynomial of degree A^ in variable a with coefficients in Bxa- 

Let /f A 6 t)e the ideal in Bx^a generated by the elements Cijs, i = I, . . . ,N, s = 1, . . . ,k, 
j = 0,1, ... ,ns — i — 1, and the coefficients of the polynomials 

k N 

(5.6) xf(«) - l[{bs-Kr llia-X'f^-N + l), s = l,...,k. 

r=l 1=1 

Lemma 5.11. The ideal I^xb belongs to the kernel of the projection Bx,a -^ B\^x,b ■ 

Proof. Set Co{u) = Y[s=i ("^ " bg)^". A straightforward calculation shows that the action 

of the polynomial Ylii=o Ciips) nj=o*^ (<^ ~ J) ^n M.x,a C ®'^=iL^{r){br) coincides with the 
action of the operator 

k 

n i^s - brT" (l®("-i) ® Z(a - iV + 1) ® l®^^-^)) , 

r=l 

cf . |MTV2j . The lemma follows from Theorem 12.11 and formula (12.31) . D 

Hence, the projection Bx,a -^ B\x,b descends to an epimorphism 

(5-7) 7rA,A,b : Bx,a/lA,X,b -^ ^A,\,b, 

which makes A^a,a,6 into a Bx,a/I\ x b-module. 

Denote ker (Jf a b) = ("^ ^ M.x,a I -^a a 6"^ = } • Clearly, ker (Jf _^ j,) is a i^A.a-submodule 

0fA^A,a. 

Proposition 5.12. The Bx,a/I\xb'''^'^^'^^^^ ^^^(-^AAb) ^'^'^ -^A,A,b o'^e isomorphic. 
The proposition is proved in Section 15. 5[ 
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Let I^xb '^ C^A,a be the ideal defined in Section H73l Clearly, the map Tx^a '■ 0\,a -^ Bx,a 
sends I^x b ^o -^a a 5- By Lemma 1^^ the maps Tx^a and nj^x,b induce the homomorphism 

Ta,a,5 : OA,\,b -^ 13a x,b- 

By Theorem [ESI the map fix,a ■ Ox,a -^ Mx,a sends Ann(/f ;^^) C Ox,a to ker (/|;^^) . 
The vector spaces Ann(/^_^ ,,) and (Oaa.^)* are isomorphic by Corollary 14.91 Hence, Propo- 
sition [5II2] yields that the map fix,a induces a bijective linear map 

/^A,A,5 : (C'A.A.b)* -^ ■MA,X,b- 

For any F E OA,A,b, denote by F* G End(((9A,A,5)*) the operator, dual to the operator of 
multiplication by F on 0\x,b- 

Theorem 5.13. The map Tj^x,b 'is an isomorphism of algebras. For any F G Ox,a o-f^d 
G G (Oa \b) , we have 

f^A,x,b{F*G) = rA,x,b{F) f^A,x,b{G) ■ 

In other words, the maps T\x,b and /Ua,a,5 give an isomorphism of the coregular represen- 
tation of Oxx,b on the dual space (OA,A,b)* CLf^d the B\^x,b-fnodule M.A,\,b- 



Proof. By Lemma [4.81 the isomorphism Tx^a ■ 0\,a -^ S\,a induces the isomorphism 

TA,A,5 : C'A.A.b — ^ ^A,a/-^A,A,5- 

SO the maps ta,a,5 and fix,a give an isomorphism of the OA,A,5-niodule Ann(j£_^ ,,) and the 
J3x,a/lA X b-module ker (7^ ^ ,,), see Theorem I5.8[ 

By Lemma |3.8[ the OA.A.fc-niodule Ann(/^_^j,) is isomorphic to the coregular represen- 
tation of Oa,a,5 on the dual space (Ca,a,5)*- In particular, it is faithful. Therefore, the 
'BA,a/-^A A b'^o'i^l^ ^^^(-^AAb) i^ faithful. By Proposition 15.121 the Bx,a/lAXb~^'^'^^^^^ 
Mx,\,b, isomorphic to kei (I^xb)^ i^ faithful too, which implies that the map 7rA,A,b : 
-^A.aZ-^A A 5 ^ -^A.A.b is an isomorphism of algebras. The theorem follows. D 



Remark. By Lemma 14. 3[ the algebra OA,x,b is Frobenius. Therefore, its coregular and 
regular representations are isomorphic. 

5.5. Proof of Proposition [57l2l We begin the proof with an elementary auxiliary lemma. 
Let M be a finite-dimensional vector space, f/ C M a subspace, and E G End(M). 

Lemma 5.14. Let EM C U, and the restriction of E to U is invertible in End(f/). Then 
EU = U and M = U®keYE. D 

Let Wm be the g[;v[t] -module defined in Section [2l3l and /x a partition with at most A^ 
parts such that |/x| = m. Recall that Wm is a graded vector space, and the grading of Wm 
is defined in Lemma 12.21 

Given a homogeneous vector w G (VFm)^"^, let Cw{b) be the 0l^[t]-submodule of Wm{b) 
generated by the vector v. The space £^(6) is graded. Denote by C^{b) and C^ib) the 
subspaces of Cwip) spanned by homogeneous vectors of degree degif and of degree strictly 
greater than degw, respectively. The subspace C^{b) is a gl^y-submodule oi Cyj{b) isomorphic 
to the irreducible g [^-module L^. The subspace C^{b) is a g[^[t]-sub module of Cyj{h), and 
the gl;v[t]- module Cw{b) / C^{b) is isomorphic to the evaluation module L^{b). If v has the 
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largest degree among vectors in (WmY^"'^, then C^{b), considered as a gt^-module, does not 
contain L^. 

For any s = 1, . . . ,k, pick up a homogeneous vector Wg G (W^nJ?{"f of the largest possible 
degree. Let Cw{b) be the g[;v[t]-submodule of ®'^^iWn^{bs) generated by the vector ®5=iU^s. 

Denote by C^{b) and C-^ib) the following subspaces of Cwip): 

czih) = ®tiC(&s), 

k 
s=l 

The subspace C^{h) is a 0[^[t]-submodule of £iu(&), and the g[jv[t] -module Cwib) / C^(b) is 
isomorphic to the tensor product of evaluation modules ®^s=iL\m{^s)- 

The space ®^s=i^ns has the second g[^[t]-module structure, denoted gr((8)J'^;^W„^(6s)), 
which was introduced at the end of Section [2731 The subspace Cwip) is a g[;v[t]-submodule 
of gi{®^g^iWnXbs)), isomorphic to a direct sum of irreducible g[^[t] -modules of the form 
®'l=iL^j_(s){ha), where |At'-'*-*| = n^, s = 1, . . . , fc, see Lemmas |2 . 51 and fXM, and {iJi^^\ . . . , /x'^'^^) 7^ 
(A^ \ . . . , A^ '') for any term of the sum. 

The subspace A^A,a = (®s=i^ns(^s))A"^ is invariant under the action of the Bethe alge- 
bra B C t/(g[^[t]). This makes it into a i3- module, which we call the standard S-module 
structure on M.\^a- The i3-module A^A.a contains the submodules A^aa5 — i.^wip)y^^ 
and A^^'Ab ~ ('^^(^))a"^' ^"^^ the subspace A^^'Ab ~ ('^^(^))a"^- ^^ vector spaces, 
-^A.A.b = ^Z'A.b ® -^Z'A.b- The i3-modules M'^^^JM^^^^ and TWA.A.b are isomorphic. 

The space A^a.o has another i3-module structure, inherited from the g[jv[t] -module struc- 
ture of gr(®J^]^iy„^(6s)). We denote the new structure grA^A,a- The subspaces A^AAb) 
-^AAb' -^AAb are i3-submodules of the i3-module grAlA,a- The submodule A^AAb '^ 
grA^A.a is isomorphic to the i3-module A^A,A,b, and the submodule A^AAb ^ grA^A.a is 
isomorphic to a direct sum of i3-modules of the form A^M,A,b 1 where M = {^^^\ . . . , fJ-^'^^), 
IfJ'^^^l = IT'S, s = 1, . . . ,k, and M 7^ A for any term of the sum. 

In the picture described above, we can regard all i3- modules involved as Sa, a- modules. 

For any F G B\a, we denote by grF G End(A^A,a) the linear operator corresponding to 
the action of F on gr A^A,a- The map F t— > gr F is an algebra homomorphism. 
Let complex numbers Ci, . . . , c^, ai, . . . , a^ be such that 

k N N 



=1 i=l i=l 

for any sequence of partitions (/x^"^-*, . . . , ^t'-'^^) 7^ {^ , • • • , A*-'^^) . Let 

k k N 

'A,A,b' 



K K 1\ 



=1 r=l i=l 

where xf is the indicial polynomial (15.61) . With respect to the standard S-module structure 



on Mx,a, we have EMX,x,b C -MA.A.b- 
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Lemma 5.15. The restriction of E to A^^'a b ^-^ invertihle in End(7Vl^'^ j,). 

Proof. Lemma [5.111 implies that the projection of E to i3A,A,6 equals zero, and the projection 
of E to i3M,A,b with M 7^ A is invertible. This means that the restriction of the operator 
gi E to A^AAb ^^ invertible in End(A^^'^ ,,). Therefore, the restriction of E to A^aa^;, is 
invertible in End(Al^'^5). D 

Denote ker^_j^ b^ — ker ii^ n A^a a 6- -^Y Lemma [5.141 the canonical projection 

induces an isomorphism ker^^^j^^i? -^ ■MA,\,b of vector spaces. Since the algebra Bxa is 
commutative, the subspace ker]^_^ f^E is a. i3-submodule, and the map ker'^^ b^ '^ A1a,a,6 
is an isomorphism of i^A^a-modules. 

Lemma [5.111 implies that elements of the ideal /f a 6 ^'^^ "^^ A1a.a,6 by zero. Hence, they 
act by zero on ker^_^ ^ E, that is, ker^;,^ b^ '^ ^er (/^ _^ ^ . On the other hand, we have 

dim ker ( J| ;, J,) = dim Ann(/^;^ ,,) = dim OA,A,b = dim A1a,a,5 = dim ker^^^ j, E , 

see Theorem 15.81 Corollary 14.91 and formula (14. 4p . which yields ker^_;^^ii^ = ker (/^ ;)^ j,) . 
Proposition 15.121 is proved. D 

Remark. Note that formula (14.41) is an important ingredient of the proof. 

6. Applications 

In this section we state some of the obtained results in a way, relatively independent from 
the main part of the paper. For convenience, we recall some definitions and facts. 

The Bethe algebra S is a commutative subalgebra of f/(g[^[t]), defined in Section [2171 It 
is generated by the elements Bij, i = 1, . . . ,N, j & Z^i, which are coefficients of the series 
Bi{u), i = l,...,N,see formulae (ESD, (EH!). 

If M is a i3-module and ^ : i3 — > C a homomorphism, then the eigenspace of S-action on 
M corresponding to ^ is defined as f]^ggker(i?|Af — ^(-B)) and the generalized eigenspace 
of i3-action on M corresponding to ^ is defined as OseBi Um=i ker(i?|Af — ^(B))"^). 

6.1. Tensor products of irreducible modules. For a partition A with at most N parts, 
Lx is the irreducible finite-dimensional g^jy-module of highest weight A. 

Let A^^\ . . . , A*^ ^ be partitions with at most N parts, bi, . . . ,bk distinct complex numbers. 
We are interested in the action of the Bethe algebra B on the tensor product (8>s=i-^a('')(^s) 
of evaluation 0l^[t] -modules. 

Since B commutes with the subalgebra U{qIj^) C U{glj^[t]), the action of B preserves the 
subspace of singular vectors (®g^]^L_^(s)(6s))^*"'^ as well as the weight subspaces oi(^g^iL^^(a){bs). 
The action of B on (g)^^^L_^(s)(6s) is determined by the action of B on {^'^^^L^(s){bs)y'^'^^. 

Denote A = (A^^-*, . . . , A^ '■'). Given a partition A with at most N parts such that |A| = 
'^g^i \^ \ , let Aa,a,5 be the set of all monic Fuchsian differential operators of order A, 

N 

(6.1) V = d''+J2hf{u)d''-\ 
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where d = d/du, with the following properties. 

a) The singular points of V are at 61, . . . , 6^ and 00 only. 

b) The exponents of P at 6^ 7 s = 1, . . . , /c, are equal to A]^ , X^_i + 1, ... , A^^* + A^— 1 . 

c) The exponents of P at 00 are equal to 1 — A^ — Ai, 2 — A^ — A2, ... ,— Xn ■ 

d) The operator T> is monodromy free. 

Equivalently, the last property can be replaced by 

e ) The kernel of the operator V consists of polynomials only. 

A differential operator V belongs to the set A\x.b if and only if the kernel of P is a point 
of the intersection of Schubert cells Qj^ ^ j,, see Lemma WTl 

Denote Ug = \\^^'\ , s = 1, . . . ,k, and n = ^^^i Ug . 

Theorem 6.1. The action of the Bethe algebra B on ((8>J^;^L_^(s)(6s))^™^ has the following 

properties. 

(i) For every i = 1, . . . ,N, i ^ n, the action of the series Bi{u) is given by the power 
series expansion in u~^ of a rational function of the form ^^(m) ris=i('" ~ ^s)~"% 
where Ai{u) is a polynomial of degree n — i with coefficients in End((®s=i-^_^(s))'**"'^) . 
For i = n + l,n + 2,...,N, the series Bi{u) acts by zero. 

(ii) The image of B in End((®J^;^L_^(s))'**"'^) is a maximal commutative subalgebra of 

dimension dim((8>s=i-^;^{s))^*"'^- 
(iii) Each eigenspace of the action of B is one- dimensional. 
(iv) Each generalized eigenspace of the action of B is generated over B by one vector. 

(v) The eigenspaces of the action of B on ('S>s=i-Z^>,(s)(&s))a"^ '^^^ ^^ ^ one-to-one corre- 
spondence with differential operators from AA,A,b ■ Moreover, if V is the differential 
operator, corresponding to an eigenspace, then the coefficients of the series hf{u) are 
the eigenvalues of the action of the respective coefficients of the series Bi{u). 

(vi) The eigenspaces of the action of B on ((8>J^;^L_^(s)(6s))a"^ ^'"fi ^'^ ^ one-to-one corre- 
spondence with points of the intersection of Schubert cells I^a a bt given by (14. ip . 

Proof. The first property follows from Lemma 15. 9[ The other properties follow from Theo- 
rem 15.131 Lemma 14. ![ and standard facts about the coregular representations of Frobenius 
algebras given in Section 13. 3[ D 

The intersection of Schubert cells Qj^ a 5 is transversal if the scheme-theoretic intersection 
OA,x,b is a direct sum of one- dimensional algebras. 

Corollary 6.2. The following statements are equivalent. 

(i) The action of the Bethe algebra B on ((S)^^;^L_^(s)(6s))^*"^ is diagonalizable. 

(ii) The set Aa,a,6 consists of dim(®^^]^L_^(s))^*"^ distinct points. 

(iii) The set fl/^x,b consists of dim({8)J^j^L_^(s))^'"^ distinct points. 

(iv) The intersection of Schubert cells Qj^ a b ^-^ transversal. D 

We call a differential operator V G A a. a, 6 rea/ if all hf{u) are rational functions with real 
coefficients. We call X G i^A a b '"^'^^ if -^ ^^^ ^ basis consisting of polynomials with real 
coefficients. 
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Corollary 6.3. Let bi, . . . ,bk be distinct real numbers. 

(i) The set A/^x,b consists of dim((S)^^]^L_^{s))^*"^ distinct real points. 
(ii) The intersection of Schubert cells ^a a 5 consists of dini(®g^]^L_^(s))^*"'^ distinct real 
points and is transversal. 

Proof. Denote by B'^ and L^ the real forms of the Bethe algebra B and the module Lx, 
respectively. The real vector space (®s=i-Z^ws))a"^ has a natural positive definite bilinear 
form, which comes from the tensor product of the Shapovalov forms on the tensor factors. 
If 6i, . . . , bk are distinct real numbers, and B G B^, then B acts on {<S)'^=iL^(s){bs))x^^ as a 
linear operator, symmetric with respect to that form, see |MTV1] . |MTV2j . In particular B 
is diagonalizable and all its eigenvalues are real. The corollary follows. D 

For N = 2, this corollary is obtained in |EG] . 

6.2. Weyl modules. Let ni,...,nk be natural numbers and bi,...,bk distinct complex 
numbers. Let ®J^^PV„^(6s) be the Weyl module associated to n,b defined in Section [2751 
We are interested in the action of the Bethe algebra B on the Weyl module ®'^=iWn^{bs). 

The action of B preserves the subspace of singular vectors (CSj^iW^n^l^s))**"^ as well as 
the weight subspaces of ®s=iVr„^(6s). The action of B on ®'^^^Wn^{bs) is determined by the 
action of B on (®J=il^n, (&s ))'"''• 

Recall that V denotes the irreducible g[^-module of highest weight (1, 0, . . . , 0), which is 
the vector representation of gt^. Set n = ni + • • • + n^. 

Denote by A„ 5 the set of all monic differential operators T> of order N with the following 
properties. 

a) The kernel of the operator T> consists of polynomials only. 

b) The first coefficient hf{u) of V, see (16. ip . is equal to — J2s=i "-« (^ ~ bs)~^. 

liV^ An^b, then "D is a Fuchsian differential operator with singular points at 61, . . . , 6^ and 
00 only. 

Denote by Wr~^j, the set of all A^- dimensional subspaces of C[u], admitting a basis Pi{u), 
. . . ,Pn{u) with the Wronskian Wt{pi{u), . . . ,pn{u)) = Y[s=ii'^ ~ &s)"°- A differential oper- 
ator V belongs to the set An^b if and only if the kernel of V belongs to the set Wr~^j,. 

Theorem 6.4. The action of the Bethe algebra B on {^^^iWnXbs))^^"'^ has the following 
properties. 

(i) For every i = 1, . . . ,N, i ^ n, the action of the series Bi{u) is given by the power 
series expansion in u~^ of a rational function of the form ^j(m) ris=i('^ ^ ^s)~"% 
where Ai{u) is a polynomial of degree n — i with coefficients in End((®f^^;^VF„J'**"^) . 
For i = n + l,n + 2,...,N, the series Bi{u) acts by zero. 

(ii) The image of B in End((®J=iWnJ''*"'^) is a maximal commutative subalgebra of 

dimension dim(K®"')'**"^. 
(iii) Each eigenspace of the action of B is one- dimensional. 
(iv) Each generalized eigenspace of the action of B is generated over B by one vector. 
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(v) The eigenspaces of the action of B on (®J=i^»is(^s))''*"'^ ^'"^ ^'^ ^ one-to-one corre- 
spondence with differential operators from A^ 5 . Moreover, if T) is the differential 
operator, corresponding to an eigenspace, then the coefficients of the series hf{u) are 
the eigenvalues of the action of the respective coefficients of the series Bi{u). 

(vi) The eigenspaces of the action of B on {®'l=i^ns{^s)y^^^ c^^e in a one-to-one corre- 
spondence with spaces of polynomials from Wr"^^. 

Proof. The first property follows from Lemmas l2.13l and l5.9[ The other properties follow from 
Theorem 15.81 formulae fl3.5p and fl5.2p . and standard facts about the regular representations 
of Frobenius algebras given in Section 13.31 D 

Corollary 6.5. The following three statements are equivalent. 

(i) The action of the Bethe algebra B on {®^s=iWnX^s)y^^^ 'is diagonalizable. 
(ii) The set Ant, consists of dim(l^®"')'^*"^ distinct points. 
(iii) The set Wr"^;, consists of dim(V"®"')'^'"^^ distinct points. D 

Remark. It is easy to see that the set A„ 5 is a disjoint union of the sets Aa,a,6 with 
lA^*-*! = Us, s = 1, . . . ,k. Similarly, the set Wr~^^ is a disjoint union of the sets ^A.A.b with 
1-^ I = ns, s = 1, . . . ,k. Comparing items (ii), (iii) of Corollaries 16.51 and 16. 2[ one can see 
that the sets A„5 and Wr~^j, can have cardinality dim(l^®") only if for each s = 1, . . . , fc 
the decomposition of the 0[jv"™odule V^"" into the direct sum of irreducible modules is 
multiplicity free, that is, each of the numbers ui, . . . ,nk equals 1 or 2. 

6.3. Monodromy free Fuchsian differential operators. In this section we give a refor- 
mulation of a part of Corollary 16. 3[ 

Let /x*^*^ = (/i^^ , . . . ,/i]^ ), s = 0, . . . , A;, be sequences of nonincreasing integers, ^^ ^ 

■ ■ ■ ^ /^7v ) ^^^ ^ ~ (^0) ■ ■ ■ ,bk) a sequence of distinct points on the Riemann sphere. Set 

M = (/x(o),...,/x(^)). 

Denote by Am, 6 the set of all monic Fuchsian differential operators of order N, 

N 

(6.2) V = d''+J2hf{u)d''-\ 

i=l 

where d = d/du, with the following properties. 

a) The singular points of V are at 60) • • • j bk only. 

b) The exponents of "D at bg, s = 0, . . . , fc, are equal to fi^ , /i]^_]^ + l, . . . , fi[ +N — 1 . 

c) The operator T> is monodromy free. 

Ii V E A]vi.b then the kernel of V consists of rational functions with poles at bo, ... , bk only. 

For a sequence fj, = (/ii, . . . , //at) of nonincreasing integers, let L^ be the irreducible finite- 
dimensional g[;v-module of highest weight fj,. Given a gl^-module M, denote by M^^^ the 
subspace of gljy-invariants in M. The subspace M^'^ is the multiplicity space of the trivial 
0[^-module L(o,...,o) in M. 

Theorem 6.6. Let bo, . . . ,bk be distinct points on the Riemann sphere which lie on a circle 
or on a line. Then the set A^h consists of dim((8>^=o-^M(''')^'^ distinct points. 
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Proof. We reduce the statement to item (i) of Corollary 16. 3[ 

Making if necessary a fractional-linear change of variable u in the differential operator T>, 
we can assume without loss of generality that bo = oo and the points bi, . . . ,bk are on the 
real axis. 

Let Co, . . . , Cfc be integers such that J2s=o ^s = 0. For s = 0, . . . ,k, set 
(6.3) /i(^)= {cs + fi['\...,cs + fi^fi). 



It is known from representation theory of glj^ that the vector spaces (®J=o-^m(=))^'^ ^^^ 
(®s=o-^ii(»))^'^ ^^6 canonically isomorphic. At the same time, we have a bijection AM,b -^ 
Ajyj f^ given by the conjugation 



(6.4) V ^ Y[{u-bs) 'V H 



k k 

'u 



s=l s=l 

Making transformations (16. 3p and (16.41) with c^ = /i^ , s = 1, . . . ,k, we can assume that 
/i]^ = 0, s = 1, . . . ,k. Then n^'^\ . . . , /x*^*^) are partitions with at most A^ parts and the kernel 
of every operator V G Am,5 consists of polynomials only. 

If yUi 7^ then the set Am.^ is empty and dim((8)^^QL^(s))^'^ = 0. Therefore, the theorem 
is trivially true. 

I f^N 5 • • • 5 A'"! 



IfM =0, then ^ ^ (Q) (0) 



is a partition with at most A^ parts and the space {®^=oL^(s))^^^ is canonically isomorphic to 
the space (®s=i-Z^^(s))^*"^- The set Am,?, coincides with the set AA,A,b defined in the previous 
section with A = (/x*-^-*, . . . , A*'-'^^), and the statement of the theorem follows from item (i) of 
Corollary 16.31 D 

6.4. Monodromy of eigenspaces of the Bethe algebra. Let 6 C C" and S C i7^(oo) 

be the Zariski open subsets described in Lemma 15.11 Consider the map p : C" ^ C", 
b = [bi, . . . ,bn) ^-^ a = (ai, . . . , a„), where Oj is the i-th elementary symmetric function of 
bi, . . . ,bn- Then 11 = p{Q) is a Zariski open subset of C". 

As vector spaces, A4\^a are identified for all a and dimA/l^.a = dim(V"'^"')^*"'^. By Lemma 
15. H for any a G 11, the vector space Ai\^a has a basis consisting of eigenvectors of the Bethe 
algebra Bxa and distinct eigenvectors have different eigenvalues. Therefore, all eigenspaces 
of Bxa are one-dimensional, and the eigenspaces depend on a holomorphically. 

Let 7 be a loop in 11 starting at a. Analytically continuing along the loop we obtain a 
permutation of the set of the eigenspaces of Bx^a- This construction defines a homomorphism 
of the fundamental group 7ri(n, a) to the symmetric group SdimMxa,- The image of the 
homomorphism will be called the monodromy group of eigenspaces of the Bethe algebra. 

Proposition 6.7. The monodromy group acts transitively on the set of eigenspaces of the 
Bethe algebra Bx,a- 

Proof. Consider the set T consisting of all pair (a, i), where a G 11 and i is an eigenspace of 
the Bethe algebra acting on Aix,a- Define the map w : T ^ 11, (a, i) \—>- a. 
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By Lemma I5.H we have a holomorphic bijection t : T ^ S which sends (a, i) to X such 
that Vi = Vx- We have w = Wtxol, where Wr^ is the Wronski map defined by (13 ■41) . 

Let {a,£i), {a, £2) be two eigenspaces of the Bethe algebra acting on A^A,a- The subset 
S = Wr3^^(n) is a Zariski open subset of an affine cell f2)^. In particular, it is path connected. 
Connect the points i{a, ii), i{a, £2) by a curve 6 in H. Then 7 = Wr;^(5) is a loop in LI whose 
monodromy sends (a, ^1) to {a, £2). □ 

Consider two Bethe lines (a,£), {a, £2) in A4\^a, the differential operators P^^, Ve^ associ- 
ated with the lines, and the loop 7 constructed in the proof of Lemma 16. 71 The differential 
operators holomorphically depend on a. 

Corollary 6.8. Analytic continuation ofD^^ along ''^ equals Vn^. D 
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